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bm#/BpB/2 A U#v Bib +QKT�+iM2bbV BMiQ

0 = i0 < i1 < · · · < iK = 1

bm+? i?�i γB := γ(iB−1, iB) HB2b 2MiB`2Hv BM l Q` oX h?2M

6([γ]) = 6([γK]) · · ·6([γ1])

Bb /2i2`KBM2/ mMB[m2Hv BM C �b 2�+? i2`K BbX
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Q7 γ- r?2`2 i?2 `2bmHi /Q2b MQi /2T2M/ QM i?2 +?QB+2 Q7 i?2
bm#/BpBbBQM U#v i?2 /2}MBiBQM Q7 Tmb?QmiVX q2 M22/ iQ b?Qr i?�i
i?Bb Bb r2HH@/2}M2/ QM ?QKQiQTv +H�bbX
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6(γ1) ≃ 6(γ1 ⋆ Bt0) ≃ 6(Bt1 ⋆ γ2) ≃ 6(γ2)
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Π1(l)→ π1(l, t0)
Π1(o)→ π1(o, t0)

Π1(l ∩ o)→ π1(l ∩ o, t0)
γ )→ γ−1

t2 ⋆ γ ⋆ γt1 , γ ∈ >QK(t1, t2).

h?2b2 7mM+iQ`b �`2 �HH `2i`�+ib BM :`QmTQB/- BM Qi?2` rQ`/b-

π1(l, t0)→ Π1(l)→ π1(l, t0)
π1(o, t0)→ Π1(o)→ π1(o, t0)

π1(l ∩ o, t0)→ Π1(l ∩ o)→ π1(l ∩ o, t0)
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6Q` BMbi�M+2- r?2M � = {t0}- r2 ?�p2

Π1(s, t0) = π1(s, t0).
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6Q` i?2 6B;m`2@3- r?B+? Bb a1 ∨ a1X

•a1 ∨ a1 =

Ai +�M #2 /2+QKTQb2/ BMiQ l,o �b 7QHHQrb

•l = •o =

aBM+2 l,o �`2 ?QKQiQTB+ iQ a1- �M/ l ∩ o Bb ?QKQiQTB+ iQ �
TQBMi- a2B72`i@p�M E�KT2M h?2Q`2K BKTHB2b

π1(a1 ∨ a1) = π1(a1) ⋆ π1(a1) = Z ⋆ Z.

AM ;2M2`�H- r2 ?�p2 π1(
∨M

B=1 a1) = Z ⋆ · · · ⋆ Z︸ ︷︷ ︸
M
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1t�KTH2
*QMbB/2` i?2 k@bT?2`2 a2 = .1 ∪ .2 r?2`2 .B �`2 QT2M /BbFb �M/
.0 = .1 ∩ .2 Bb �M �MMmHmbX .B Bb �M QT2M M2B;?#Qm`?QQ/ Q7 sBX

a2

s1 s2s1 s2s0 s0

aBM+2 π1(.1) = π1(.2) = 1,π1(.0) = π1(a1) = Z- r2 /2/m+2 i?�i

π1(a2) = (1 ⋆ 1)/Z = 1.

aBKBH�` �`;mK2Mi b?Qrb i?�i

π1(aM) = 1, M ≥ 2.
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l = {(t, v) ∈ a1 | v > −1/2}, o = {(t, v) ∈ a1 | v < 1/2}

�M/ � = {(±1, 0)}X h?2M r2 Q#i�BM � Tmb?Qmi
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h?Bb BKTHB2b i?�i i?2 ;`QmTQB/ Π1(a1,�) +QMi�BMb irQ Q#D2+ib
�1 = (1, 0),�2 = (−1, 0) rBi? KQ`T?BbKb

>QKΠ1(a1,�)(�1,�1) = {(γ−γ+)M}M∈Z

>QKΠ1(a1,�)(�1,�2) = {(γ+γ−)Mγ+}M∈Z

>QKΠ1(a1,�)(�2,�1) = {(γ−γ+)Mγ−}M∈Z

>QKΠ1(a1,�)(�2,�2) = {(γ+γ−)M}M∈Z.

>2`2 γ+ `2T`2b2Mi i?2 b2KB@+B`+H2 7`QK (1, 0) iQ (−1, 0)
�MiB@+HQ+FrBb2- �M/ γ− `2T`2b2Mi i?2 b2KB@+B`+H2 7`QK (−1, 0) iQ
(1, 0) �MiB@+HQ+FrBb2X
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S = �1#1�−1
1 #−1
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B=1 a1X
G2i l #2 i?2 BMi2`BQ` Q7 i?2 TQHv;QM �M/ o #2 � bK�HH QT2M
M2B;?#Qm`?QQ/ Q7 o2;X l ∩ o Bb �M �MMmHmb- r?B+? Bb ?QKQiQTv iQ
a1 rBi? ;2M2`�iQ` S �b �#Qp2X h?mb

π1(Σ;) =
( 2;∐

B=1

Z
)
⋆ 0/Z

= ⟨�B, #B | B = 1, . . . , ;⟩ /
(
�1#1�−1

1 #−1
1 · · · �;#;�−1

; #−1
;

)
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lbBM; i?2 TQHv;QM T`2b2Mi�iBQM S = �2- r2 +�M bBKBH�`Hv +QKTmi2

π1(RP2) = Z/2Z
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qBH/ �`+ BM R3
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S`QQ7

q2 bF2i+? � T`QQ7 ?2`2X aBM+2 a2 Bb HQ+�HHv T�i? +QMM2+i2/- r2
rQmH/ MQi /BbiBM;mBb? +QMM2+i2/ �M/ T�i? +QMM2+i2/ ?2`2X
"v �M �`+- r2 K2�M � bm#b2i Q7 a2 r?B+? Bb ?QK2QKQ`T?B+ iQ i?2
BMi2`p�H AX q2 }`bi b?Qr

B7 � Bb �M �`+ BM a2- i?2M a2\� Bb +QMM2+i2/.
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AM 7�+i- �bbmK2 i?2`2 �`2 irQ TQBMib {�, #} r?B+? �`2 /Bb+QMM2+i2/
BM a2\�X G2i mb bm#/BpB/2 � = �1 ∪ �2 BMiQ irQ BMi2`p�Hb r?2`2
�1 = [0, 1/2],�2 = [1/2, 1] mbBM; i?2 ?QK2QKQ`T?BbK � = [0, 1]X
q2 �`;m2 i?�i �, # �`2 /Bb+QMM2+i2/ BM 2Bi?2` a2\�1 Q` a2\�2X
G2i mb +?QQb2 � b2i . r?B+? +QMi�BMb QM2 TQBMi 7`QK 2�+?
+QMM2+i2/ +QKTQM2Mi Q7 a2\� �M/ bm+? i?�i {�, #} ⊂ .X
�TTHv a2B72`i@p�M E�KT2M h?2Q`2K iQ

o1 = a2\�1, o2 = a2\�2, o1 ∩ o2 = a2\�.
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q2 Q#i�BM � Tmb?Qmi BM :`QmTQB/

Π1(o1 ∩ o2,.) !!

""

Π1(o2,.)

""
Π1(o1,.) !! Π1(u,.).

>2`2 u = o1 ∪ o2 Bb i?2 +QKTH2K2Mi Q7 � TQBMi BM a2X A7 {�, #} �`2
+QMM2+i2/ BM #Qi? o1 �M/ o2- i?2M i?2 Tmb?Qmi BKTHB2b i?�i i?2`2
2tBbib � MQMi`BpB�H KQ`T?BbK �→ � BM Π1(u,.) #v � +QKTQbBiBQM

� BM o1→ # BMo1∩o2= # BM o2→ �

"mi i?Bb +�M MQi i`m2 bBM+2 u Bb +QMi`�+iB#H2X aQ H2i mb �bbmK2 �, #
�`2 /Bb+QMM2+i2/ BM o1 = a2\�1X _mM i?2 �#Qp2 T`Q+2bb `2TH�+BM;
� #v �1- �M/ F22T /QBM; i?Bb- r2 2M/ mT rBi? +QMi`�/B+iBQM BM i?2
HBKBiX h?Bb T`Qp2b Qm` +H�BK �#Qp2 7Q` i?2 �`+X



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

a2+QM/Hv- r2 b?Qr

i?2 +QKTH2K2Mi Q7 * BM a2 Bb /Bb+QMM2+i2/X

Pi?2`rBb2- �bbmK2 a2\* Bb +QMM2+i2/X G2i mb /BpB/2 * = �1 ∪ �2

BMiQ irQ BMi2`p�Hb �1,�2 r?B+? BMi2`b2+i �i irQ 2M/TQBMib {�, #}X

l1 = a2\�1,l2 = a2\�2,l1∩l2 = a2\*,s = l1∪l2 = a2\{�, #}.

aBM+2 l1,l2,l1 ∩ l2 �`2 �HH +QMM2+i2/- a2B72`i@p�M E�KT2M
h?2Q`2K H2�/b iQ � Tmb?Qmi BM :`QmT

π1(l1 ∩ l2) !!

""

π1(l2)

""
π1(l1) !! π1(s).

P#b2`p2 π1(s) = ZX q2 b?Qr #Qi? π1(lB)→ π1(s) �`2 i`BpB�HX
h?Bb rQmH/ H2�/ iQ � +QMi`�/B+iBQMX
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G2i mb B/2MiB7v a2 = R2 ∪ {∞} �M/ �bbmK2 � = 0, # =∞- bQ �1 Bb
T�`�K2i`Bx2/ #v � T�i? α 7`QK 0 iQ ∞X G2i γ #2 �M �`#Bi`�`v HQQT
BM l1- r2 M22/ iQ b?Qr γ #2+QK2b i`BpB�H BM sX G2i _ > 0 #2
bm{+B2Mi H�`;2 bm+? i?�i γ Bb +QMi�BM2/ BM i?2 #�HH Q7 `�/Bmb _
+2Mi2`2/ �i i?2 Q`B;BM BM R2X *QMbB/2` i?2 ?QKQiQTv

6(i, b) = γ(i)− α(b), γb := 6(−, b).

q2 ?�p2 γ0 = γX �bbmK2 α(i0) > _- i?2M γi0 HB2b BMbB/2 i?2 #�HH Q7
`�/Bmb _ +2Mi2`2/ �i α(i0)- r?B+? Bb +QMi`�+iB#H2 BM sX h?Bb BKTHB2b
γ Bb i`BpB�H BM sX h?2 b�K2 �`;mK2Mi �TTHB2b iQ �2X
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6BM�HHv- r2 b?Qr

i?2 +QKTH2K2Mi Q7 * BM a2 ?�b 2t�+iHv irQ +QMM2+i2/ +QKTQM2MibX

G2i * = �1 ∪ �2 �M/ l1,l2 �b BM i?2 T`2pBQmb bi2TX q2 ?�p2 �
Tmb?Qmi BM :`QmTQB/

Π1(l1 ∩ l2) !!

""

Π1(l2)

""
Π1(l1) !! Π1(s).
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�bbmK2 a2\* ?�b �i H2�bi i?`22 +QKTQM2Mib- bQ r2 +�M +?QQb2
T1, T2, T3 7`QK i?`22 /Bz2`2Mi +QMM2+i2/ +QKTQM2MibX aBM+2 l1,l2

�`2 +QMM2+i2/- �M/ TBǶb �`2 /Bb+QMM2+i2/ BM l1 ∩ l2- i?2 7QHHQrBM;
irQ +QKTQbBiBQMb

T1 BM l1−→ T2 BM l1∩l2= T2 BMl2−→ T1, T1 BM l1−→ T3 BM l1∩l2= T3 BM l2−→ T1

;Bp2 irQ 7`22 ;2M2`�iQ`b BM π1(s, T1)X
"mi π1(s, T1) = ZX h?Bb Bb � +QMi`�/B+iBQMX


